Abstract. We generalize a standard method for inspecting the (non)removability of spectral parameters in zero-curvature representations to the case of Z 2 -graded partial differential equations. In particular, we illustrate a link between deformation techniques for two types of flat structures over such Z 2 -graded equations, namely, their zero-curvature representations and construction of their parametric families by using the Frölicher-Nijenhuis bracket.
1.1. The Z 2 -graded calculus. Let G n 1 be a Grassman algebra over the field R with canonical generators θ 1 , · · · , θ n 1 , such that θ i θ j +θ j θ i = 0. The parity function p : G n 1 → Z/2Z = Z 2 is defined on G n 1 by the rule p(a) =0 for even elements a ∈ G q and p(a) =1 for odd elements a ∈ G n 1 .
Let M 0 be a smooth real manifold. Consider the algebra of smooth functions U q (M 0 ) on M 0 with values in G n 1 . Each function f ∈ U q (M 0 ) expands to a power series in {θ i }:
here x ∈ M 0 and f i 1 ,...,i k ∈ C ∞ (M 0 ). The functions f i 1 ,...,i k are antisymmetric with respect to the indexes i 1 , . . . , i k .
Let us extend the parity function p onto the algebra U n 1 (M 0 ) as follows: an element f ∈ U q (M 0 ) is called even (so that p(f ) =0) if p(f (x, θ)) =0 for all x ∈ M 0 , and f is called odd (hence p(f ) =1) if p(f (x, θ)) =0 for all x ∈ M 0 .
The derivatives with respect to the respective even and odd variables x i and θ j are Z 2 -graded derivations of U q (M 0 ) defined by the formulas ∂ ∂x i f (x, θ) = k≥0 i 1 ,...,i k 
The Z 2 -graded Leibniz rule is then ∂ ∂x i (f h) =
Denote by n 0 the dimension of the smooth real manifold M 0 . With every open subset U ⊆ M 0 we associate the algebra U n 1 |n 0 (U) of smooth functions on U with values in the Grassman algebra G n 1 . By definition, the manifold M 0 endowed with the sheaf of algebras U(U) is a supermanifold [1] . The manifold M 0 is then called the base manifold. The pair (n 0 |n 1 ) is the dimension of that supermanifold, which we denote by M.
1.2.
The Z 2 -graded differential geometry. We say that a differential form ω ∈ Λ ⋆ (M) on the supermanifold M is the expression ω = ω i 1 ,...,i k ;j 1 ,...,j l dx i 1 . . . dx
where the coefficients ω i 1 ,...,i k ;j 1 ,...,j l are antisymmetric w.r.t. the first group of indexes ı and are symmetric w.r.t. the second group . The space of differential forms Λ ⋆ (M) is the graded R-algebra generated by p anticommuting symbols dx 1 , · · · , dx p and q commuting symbols dθ 1 , · · · , dθ q . It is important that the generators dx i and dθ j satisfy the following commutation relations:
The exterior differential d act on ω ∈ Λ ⋆ (M) by the rule
As it is the case for classical manifolds, equality dω = 0 implies that locally ω = dω 1 [16] and equality d(dω) = 0 holds for any ω ∈ Λ ⋆ (M) [1] . The parity p(ω) of a differential form ω = ω i 1 ,...,i k ;j 1 ,...,j l dx i 1 . . . dx i k dθ j 1 . . . dθ j l is the sum of the parity p(ω i 1 ,...,i k ;j 1 ,...,j l ) of its coefficient and the parity of p(dx
1.3. The Z 2 -graded infinite jet bundles. Let Σ n be an n = (n 0 |n 1 )-dimensional supermanifold, here 1 n 0 < ∞ and 0 n 1 < ∞, with even coordinates x 1 , . . . , x n 0 and odd coordinates θ 1 , . . . , θ n 1 which generate the Grassmann algebra G n 1 . Let π : E n+m → Σ n be a vector bundle over Σ n of fibre dimension m = (m 0 |m 1 ). In particular, we let n = (2 | 0) so that the independent variables are x 1 = x and x 2 = t; we have that m = (1|0) for the Korteweg-de Vries equation, m = (2|0) for the hierarchy of the Kaup-Boussinesq equation, and m = (2|2) for the N=2 supersymmetric KdV equation, see [1, 15, 22] .
Consider the jet space J ∞ (π) of sections of the vector bundle π. The set of local coordinates on J ∞ (π) is composed by
• even coordinates x i and odd coordinates θ j on Σ n , • even coordinates u k and odd coordinates ξ a along the fibres of π; these variables themselves are elements of the set of • coordinates u k I,J and ξ a I,J along the fibres of the infinite jet bundle π ∞ :
In the above notation we let I be the multi-index that labels partial derivatives of the unknowns u k and ξ a w.r.t. even variables x i , and J the multi-index that labels partial derivatives of u k and ξ a w.r.t. odd variables θ j ; by convention, u
These vector fields commute.
Consider a system E of r partial differential equations, 
. The differentiald h can be expressed in coordinates by inspection of its actions on elements
where we put
We have that
(ξ a I,J ) = 0. These equalities mean that the Cartan distribution can be equivalently described in terms of Cartan forms ω k and ξ a . The restriction of Cartan distribution on J ∞ (π) onto E ∞ is horizontal with respect to the projection π ∞ E ∞ :
, where D(M) and D(E ∞ ) are the modules of vector fields on M and E ∞ over the ring of smooth functions C ∞ (M) and
2. (Non)removability of parameters in Z 2 -graded zero-curvature representations
Consider the tensor product (over the ring of G n 1 -valued smooth function on E ∞ ) of the exterior algebraΛ(E ∞ ) = * Λ i,0 (E ∞ ) with a finite-dimensional matrix complex Lie superalgebra g. The product is endowed with the bracket
and A, B ∈ g. We now define the operatord h that acts on elements ofΛ(E ∞ ) ⊗ g by the ruled h (A ⊗ µ) = A ⊗d h µ, where the horizontal differentiald h in the right-hand side is (5a). The tensor product Λ(E ∞ ) ⊗ g is a differential graded associative algebra with respect to the multiplication (A⊗µ)·(B⊗ν) = (−1) p(B)p(µ) (A·B)⊗µ∧ν induced by the ordinary matrix multiplication so that
holds by virtue of E and its differential consequences.
Let G be the Lie supergroup of the Lie superalgebra g. Given equation E, for any zero-curvature representation α there exists the zero-curvature representation α S such that
The zero-curvature representation α S is called gauge-equivalent to α, and S is the gauge transformation. Elements of
Definition 2. Let α λ be a family of zero-curvature representations depending on a complex parameter λ ∈ I ⊆ C. The parameter λ is removable if the forms α λ are gauge-equivalent at different values of λ ∈ I.
The following proposition and its proof are proper Z 2 -generalizations of M. Marvan's result for classical, non-graded systems of partial differential equations [20, 21] . Proposition 1. The parameter λ in a family of zero-curvature representations α λ for the system E is removable if and only if for each λ ∈ I there is a g-matrix Q λ , depending smoothly on λ, such that p(Q λ ) =0 and
Proof. Suppose that λ is removable. This means that for any fixed λ 0 there exists a G-matrix S λ such that α
The matrixṠ λ 0 = ∂/∂λ| λ=λ 0 S λ belongs to the tangent space at unit of G, i.e., to the Lie superalgebra g. Note that
. Let S λ ∈ G be a solution of the matrix equation ∂S/∂λ = Q λ S λ with initial data S λ 0 = 1. Note that solutions S λ exist only for even g-matrices Q λ . Consider the expression
It is obvious that Z λ 0 = 0, whence α S λ λ 0 − α λ = 0. Therefore, the parameter λ is removable. Example 1. Let us consider the four-component generalization of the KdV equation, namely, the N=2 supersymmetric Korteweg-de Vries equation (SKdV) [15] :
where
is the complex bosonic super-field, θ 1 , θ 2 are Grassmann variables such that θ
u 12;t = −u 12;xxx − 6u 12 u 12;x + 3au 0;x u 0;xx + (a + 2)u 0 u 0;xxx
1 The Korteweg-de Vries equation upon u 12 , see (16) below, is underlined in (10d).
The SKdV equation is most interesting (in particular, bi-Hamiltonian, whence completely integrable) if a ∈ {−2, 1, 4}, see [6, 11, 15] . Let us consider the bosonic limit u 1 = u 2 = 0 of system (10): by setting a = −2 we obtain the triangular system which consists of the modified KdV equation upon u 0 and the equation of KdV-type; in the case a = 1 we obtain the Krasil'shchik-Kersten system; for a = 4, we obtain the third equation in the Kaup-Boussinesq hierarchy. In what follows we consider the case of a = 4. The N=2 supersymmetric a=4-KdV equation (10) admits [4, 12] the sl(2 | 1)-valued zero-curvature representation α N =2 = A dx + B dt, where
and the sl(2 | 1)-matrix B, which is relatively large, is contained in Appendix 3 on p. 15.
We claim that there is no sl(2 | 1)-matrix Q satisfying the equalities
Consequently, the parameter ε in α N =2 is non-removable under gauge transformations. We note that the zero-curvature representation α N =2 can be used for the construction of a solution, which is an alternative to the first solution reported in [6] , of Gardner's deformation problem [15, 22] for the N = 2, a = 4 SKdV equation (we refer to [12] for detail). The parameter ε which we use here is the parameter in the classical Gardner deformation of the KdV equation [23] , therefore we denote this parameter by ε instead of λ.
Example 2. Consider another sl(2 | 2)-value zero-curvature representation β = A dx+ B dt for the N=2, a=4-SKdV equation: we let 
Solving the Cauchy problem This matrix S defines the gauge transformation that removes the parameter λ from the zero-curvature representation β, i.e., (β) S −1 = β| λ=0 . Consequently, the parameter λ in β is removable.
Families of coverings and the Frölicher-Nijenhuis bracket
From now on we assume that the base M of the superbundle π is just the base manifold M 0 , i.e., we let n 1 = 0 and consider systems E of partial differential equations upon m 0 + m 1 unknowns that may depend only on the even independent variables x i , i = 1, . . . , n 0 .
Consider a (k 0 |k 1 )-dimensional covering τ :Ẽ = W ×E ∞ → E ∞ with even nonlocal coordinates w 1 , . . . , w k 0 and odd nonlocal coordinates f 1 , . . . , f k 1 on a (k 0 |k 1 )-dimensional auxiliary supermanifold W . The prolongationsD x i of the total derivativesD x i to the covering equationẼ are given by the formula [2, 14] 
These total derivativesD x i determine the Cartan distribution C(Ẽ) on the covering equationẼ. In turn, the Cartan distribution C(Ẽ) yields the connection CẼ : D(M) → D(Ẽ); the corresponding connection form UẼ ∈ D(Λ 1 (Ẽ))) is called the characteristic element of the covering τ . Expressing UẼ in coordinates, we obtain
Next, let us recall that the Frölicher-Nijenhuis bracket
is defined by the formula [14] [
∞ be a smooth family of coverings over E ∞ depending on a parameter λ ∈ C and U λ be the corresponding characteristic element of τ λ . The evolution of U λ with respect to λ is described by the equation [8, 7] 
where X ∈ D(Ẽ) is some vector field onẼ λ . Let g ⊆ gl(k 0 + 1|k 1 ) be a finite-dimensional Lie superalgebra with basis e i , here k 0 , k 1 0. Let us consider two representation of g:
(1) ρ : g → Mat(k 0 + 1, k 1 ) -a matrix representation;
(2) ̺ : g → Vect(C; poly) -the representation in the space of vector fields with polynomial coefficients on the (k 0 |k 1 )-dimensional supermanifold W with local coordinates w 1 , . . . , w
We now recall an important example of such representation ̺; this standard construction will be essential in what follows.
Example 3 (The projective substitution and nonlinear representations of Lie algebras in the spaces of vector fields [25] ). Suppose g is a finite-dimensional Lie superalgebra. We shall use the projective substitution [25] to construct a representation of g in the space of vector fields. Let N be an (k 0 + 1|k 1 )-dimensional supermanifold with local coordinates
For any g ∈ g ⊆ gl(k 0 + 1|k 1 ), its image V g under the representation of g in the space of vector fields on N is given by the formula
We note that V g is linear in v i and f j . By construction, the representation preserves the commutation relations in the initial Lie algebra g:
Locally, at all points of N where v 1 = 0 we consider the projection
and its differential dp : ∂ v → ∂ w . The transformation p yields new coordinates on the open subset of N where v 1 = 0 and on the corresponding subset of T N:
Consider the vector field X g = dp(V g ). In coordinates, we have
We note that, generally, X g is nonlinear with respect to w i and f j . The commutation relations between the vector fields of such type are also inherited from the relations in the Lie algebra g:
[X g , X f ] = [dp(V g ), dp(V f )] = dp([g, f ]) = dp(
We now take X g for the representation ̺(g) of elements g of the Lie superalgebra g.
For the sake of definition we now set n 0 = 2, n 1 = 0,
Using the representation ̺ we construct the prolongations of total derivatives
by inspecting the way in which they must act on the nonlocal variable w ∈ W :
We thus obtain a one-dimensional covering τ :Ẽ = W × E ∞ → E ∞ with nonlocal variable w.
Example 4. Let us consider the N=2, a=4 SKdV equation (10) and a family of coverings over it derived from the zero-curvature representations which we considered for this super-system in Example 1. We now solve equation (11) in three steps.
We start from the covering derived from the Gardner's deformation [23] ,
(u 12;xx + 2u 
For a vector field
containing undetermined coefficients a, b, ω σ and ϕ equation (11) for (15) splits into a system By introducing the vertical vector field X ′ = X UẼ = X − aD x − bD t = ϕ ′ ∂/∂x + ω ′ σ ∂/∂u 12;σ as in [14] , we simplify this system:
Note that at all times one can return to the vector field X by using the relations
The solution of equation (11) for Gardner's deformation (15) of KdV equation (16) is then
which is the Galilean symmetry of (16) 
We recall that system (17) is the bosonic limit of (10) with a = 4 under setting u 1 = u 2 = 0. A family of coverings over equation (17) is determined by the formulas This covering is obtained by the standard change of a Lie algebra's representation in a zero-curvature representation for (17); in turn, that representation can be derived by using the reduction u 1 = u 2 = 0 in the zero-curvature representation for the N=2, a=4 SKdV equation (10) (see [4, 12] and Example 1). Remarkably, this zero-curvature representation for (17) was re-discovered in [3] not in the context of super-system (10). For this family of coverings over system (17) , the solution of equation (11) is given by the vector field
We note that, unlike the Galilean symmetry for the KdV equation (16) in its Gardner's deformation, it is the scaling symmetry which we obtain here. Finally, let us consider the full N=2, a=4 SKdV equation (10) and over it, let us construct a (1|1)-dimensional covering by switching to a different representation of the Lie superalgebra in the sl(2|1)-valued zero-curvature representation α (this was considered in Example 1 on p. 6). Using the representation ̺ from Example 3, we obtain
We find that the solution of equation (11) is the vector field
It has been obtained by solving equation (11) explicitly using the analytic software [13] .
Consider two mappings, [20] ) and [8] ). We recall that the mappings ∂ α and ∂ U yield the horizontal [20] and Cartan [8] cohomologies, respectively. However, we claim that in the geometry at hand one of these two differentials is a particular instance of the other by virtue of the switch between the Lie superalgebra's representations. Lemma 1. The following diagram is commutative:
where ∇ = ̺ • ρ −1 is a switch from the representation ρ to the representation ̺ for the Lie superalgebra g.
On the other hand, we have that
By using the formulaD
(X dw), we continue the equality and obtain that
From formulas (14) we infer that
Finally we obtain that (∇ • ∂ α • ρ)(γ) = (∂ U • ̺)(γ), which proves our claim. Now let us study in more detail the case of removable parameters. Let α(λ) = a i ρ(e i ) dx + b j ρ(e j ) dt be a smooth family of g-valued zero-curvature representations for the system E but let the parameter λ ∈ C be removable. By Proposition 1, there is a
In components, we have
By virtue of the representation ̺, at every λ the g-matrix Q = q k ρ(e k ) determines the vector field X = q k ̺(e k ) onẼ. The following proposition is a regular generator of solutions for equation (11) in the case of coverings derived from zero-curvature representations with removable parameter.
(It was remarked in [7] that the formalism of zero-curvature representations and their parametric families can be viewed as a special case of the Frölicher-Nijenhuis bracket formalism for deformations of coverings of unspecified nature; we thus substantiate that claim from loc. cit. by giving an explicit proof).
Proposition 2. The vector field X = q k ̺(e k ) satisfies structure equation (11) Proof. From Lemma 1 we infer that
Using (19), we obtain that
This proves that the vector field X is a solution of equation (11).
Remark 1. This proof can be easily extended to the case of any finite n 0 , k 0 , k 1 < ∞.
Example 5. Let us construct a (1|1)-dimensional covering over N=2, a=4 SKdV equation (10) from the sl(2|1)-valued zero-curvature representation α considered in Example 2 on p. 7. Using representation ̺ from Example 3 we obtain In agreement with Proposition 2, we find the solution X = ∂/∂w of equation (11): indeed, this field is obtained from the sl(2|1)-matrix Q, which we introduced in Example 2.
Conclusion. We extended -to the Z 2 -graded case -M. Marvan's method for inspecting the (non)removability of a parameter in a given family of zero-curvature representations; specifically, we accomplished the task of balancing the signs in a nonselfcontradictory way. Let us note that this generalisation of the standard technique can be used further in solving Gardner's deformation problems for the N=2-supersymmetric KdV equations and other Z 2 -graded completely integrable systems.
At the same time, we confirmed that a switch between the representations of Lie (super)algebras establishes a link between the two classes of nonlocal geometries and also between the arising differentials. In particular, by inspecting this relation in the case of zero-curvature representations with removable parameters λ, we explicitly described the equivalence classes of τ λ -shadows that determine, by virtue of structure equation (11), the evolution of Cartan's characteristic elements in families of coverings τ λ . 
